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CRITERIA FOR UNSAFE AND SAFE BOUNDARIES
OF THE STABILITY DOMAIN FOR EQUATIONS
WITH DELAY}
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Using the results of [1-5], criteria are obtained for unsafe and safe segments of the boundaries of the stability domain (BSD)
for equilibrium states of first-order equations with delay and systems of second-order equations with delay corresponding to a
zero root and a pair of pure imaginary roots. It is shown for an oscillator with delay, unlike one without, that the BSD for its
equilibrium state might be unsafe. © 1997 Elsevier Science Ltd. All rights reserved.

Problems involving the determination of unsafe and safe boundaries of the stability domain (BSD) for equilibrium
states of systems with delay have been studied in [1-11}. Methods and algorithms for investigating the stability of
systems with delay in critical cases, in which they are reduced to truncated systems without delay are given in [6-11].
Formulae have been obtained for a quantity similar to the first Lyapunov quantity for special cases of first-degree
equations with delay and the second-degree system considered below [1, 10]. For systems of arbitrary degree with
delay, a short form of the criteria for unsafe and safe BSD for the equilibrium states is given in [2, 3). However,
no such simple or convenient criteria for unsafe or safe BSD for the equilibrium states of systems with delay are
to be found in [1-11] as for systems without delay in [12].

1. FIRST-DEGREE EQUATIONS WITH DELAY

We will consider how to find the unsafe and safe BSD for the equilibrium state of the equation

n
x=ax+ Y bhx(t—1 )+ F(x,x(t =T )roots (1~ T,,)) 1.1)
k=1
where x is a scalar, a and b, are constant coefficients, and 1, > 0,1, > 0,...,1, > 0.
Suppose that the analytic function F(x;, x,, . . . , x,4+1) is expanded in series in the neighbourhood of the point
X] = X3 = ... = Xp4, starting from terms of no less than second degree inx,, x,, . . . , X+ of the form
F= z Qip XiX) + z Bipp Xi X Xp +...
I<i<k<n+] I€isk<p<n+l

where ay, a;, are constant coefficients
Suppose that the characteristic equation

A(p)=p-a- She P =0 12)
k=1

either has roots py, ; = *i, or has a root p; = 0 and roots p; satisfying the condition Re p; < —0 < 0.
We will consider the case where Eq. (1.25 has roots

P2 =0, p; with Rep; <-6<0.

We will write Eq. (1.1) in operator form [8]

dx,(8)/dt = Lx,(8)+ R(x,(8)), x,(8)=x(¢++8) (13)
-d—x—;;;.)-, -1<0<0
thg (6) =

ax, (0)+ 3 byx,(~7;), 0=0
k=1
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R(x,(O)):{O' -1<0<0
F(x,(0),x,(-7)),....x,(-1,), 6=0

where 1= max(1y, T, . . . , %,), X(f) is a solution of Eq. (1.1) for z > 0 with continuously differentiable initial function
xo@e-_;o?l(s?()iér the functions

Pi0 < .
b;(8)= exp[f} A =1+ Elbttk exp(-p;t,), j=12
j =
Using the method described in [8], by means of the change of variables

-1,

n k
(D= x,(O)—kZlbk fexp(=p; (1, +V)x (V)dv
= 0
2
()= 5, (®)- £b;@,0)
l=

Eq. (1.3) becomes the “truncated” second-degree system without delay
Yi=pjyi +Q(n.y2) j=12 (1.4)
Qi y)=F(¥W 1. WarWar)= X apV¥i¥p+ T ViVt

1Rigksn+] ISisk<psn+]

Vi =0y +04y2+ X zdﬁj’y{yg, k=12,..,n+1
r+g=

Gl j =eXP(—pjTy)/ A, j=1,2; m=0,12,..,n; 15=0

where d') are constant coefficients defined below.
Multi;ﬁying the expressions y;, W, W, by one another, we obtain the function Q(yy, y2) in the form of a polynomial

in (ylr yl)

QOy2)= X TAiv]
k»2r+q=k

where

1
Ap=—7 X a30;0y (15)
Al 1<isk<n+]

1
Apy=—— ¥ 03(0;0;2 +0;20;) (1.6)
A |cicken+]

1 ) )
Ay =—— [ T apOur) +oar(y +001% +orri)+
A14; Lisi<k<n+1

+ X 6,(0,0,,0,,+0,0,,0, + 020,104 )]
ISisk<psn+]

Om+t,j =€XP(—pjTy), j=12, T =0, m=0,12,.,n

A, ATAY n (1.7
W LgtZf, 11 b.CH
A ( 4 4 +k2-:| KCry

Toe D = exp(-At, YD +4,,c0ATAY
Wy Ly exn(—
ra ,E'n M4, (exp(—p;Ty) - exp(-Aty))

A=(r-gdiw, r+q=2, k=12..m; 4 =y® 1(a}AY)
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We will not give the form of the remaining coefficients 4,, of system (1.4), since they do not appear in the
expressions for the quantity similar to the first Lyapunov quantity.
The quantity similar to the first Lyapunov quantity for system (1.4) and, therefore, Eq. (1.1), is found from the
formula
g= RCAZI —m“lA” lm(Am) (1.8)

In the special case when n = 1, where Eq. (1.1) contains only one delay 1, = 1, formulae (1.5) and (1.6) take
the simpler form

1
Ay = X’f(“" +a1,8; +ay87) (1.9)
1

Ay =

1
aa, [2(a); +ayy ) +a;3(8; +83)) (1.10)

1
Ay = 2, (201, (Y58 +7{)) #2455 (3,753 + 8,7+
1

2
+ap (VP +155 + 8,7 (Y +8,750) + 3@y +81a507) + a1 1(28; +8,) + a5 (2+83))

3 =exp(-p11), 8; =exp(-p,1), A; =l+be

The quantities ng‘, ¥2 in (1.9), (1.10), are obtained from (1.7) withn = 1,1, = 1,k = 1.
In the case whenn = 1,1, =1 = 1,4 = az = 0, b; = —-n/2 in Eq. (1.1), formula (1.8) becomes

3n T
g=3ay +ai - = fm 54

which is the same as the formula obtained for this case in [10].

If g < 0, the BSD for Eq. (1.1) is safe; if g > 0, it is unsafe [6, 8].
Consider the case when Eq. (1.1) has one zero root. Let

é—-A—(L) =1+ ibktk$0

n
a+3b =0, Ag= b

k=1

p=0

Then Eq. (1.2) has the single root py = 0. Let the other roots p; of Eq. (1.2) satisfy the condition Re p; < -0 < 0.
Using the method described in [3, 7] in this case, we find quantities similar to the first and second Lyapunov
quantities for Eq. (1.1)

1 1
8 = Ay, B2 = a; 1.11
! z{l‘i‘?‘nﬂ * 2 Zﬁ(;lﬁ‘kgp"vuldp ( )
The form of Eq. (L1) with oy = 1, = ... = 1, = 0,4 + Z{=1b; = 0 implies that the stability of the equilibrium

state x = 0 depends on the quantity /; = £, q;ckan+19% if [ # 0, and only = I qickapsn+18i if Iy = 0,1, # 0. Assuming
that Ay # 0, formulae (1.11) imply that if the quantity /; # 0, the boundary I':a + Zf.1b, = 0,1 + Z{o T 2 Oof
the stability domain for the equilibrium state x = 0 of Eq. (1.1) with 1y =T, = ... =1, =0andany t; > 0, 7, >
0, 1, > 0is unsafe. If [, = 0,1, # 0, the boundary I' witht; =1, =...7,=0andany1, > 0,1, >0,...,t, >0
is of the same kind if Ay > 0, and is different if Aqg < 0

In the special case when n = 1, where there is only one delay 7, = 7 in Eq. (1.1), the BSD for the equilibrium
state x = 0 of Eq. (1.1) corresponding to one zero root is the half-segment a + b; = 0,a < 1/7, and the parameter
Ag = 1 -at > 0. Thus, if n = 1, the boundary a + b; = 0, a < 1/t is of the same kind if T =0 for any T > 0 in cases
where /; # O or where l; = 0,5, # 0.

Example. We will illustrate how the quantity g is found from formulae (1.7)-(1.10) using the example of Wright’s
equation [13]

X =—gx(t-1)(1+x) (1.12)
witha = o = E/Z

Equation (1.12) is a special case of Eq. (1.1), forwhicha = 0,5, = -t,ap=-,n =7 =1=1.
When o = o4 the characteristic equation
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Ap) =p + aexp(-p) =0

has roots p; » = *in/2 and p; with Rep; < -6 < 0.
From formulae (1.7), (1. 9) and (1. ld) we obtain

A20=all,Al, A” =0

Y3 = At (1-1/4, -1/ Ay -0y )7 A° (1.13)
1
j= 1(p, M)A
A =-m/2+im, Aj=1+inl2, Ay=1-in/2, & =i, By =i
Agy =—0 (YD) +8,750)1(A2A,) (1.14)

From (1.13) and (1.14) with o = ¢ using formula (1.18) we obtain the expression
g=ReAy =-(3n-2)/10<0

which is the same as that obtained in [9, 10].

2. SYSTEMS OF SECOND-DEGREE EQUATIONS WITH DELAY

We will now consider how to determine the unsafe and safe BSD for the equilibrium state of the system

i’ =anx) +apx; +b“x| (t—1)+b,2x2(t—1)+
+P;(x|’x2$x](t—1))s x2(t—'t), l=112.\ >0 (2.1)

where ay, by (k = 1, 2) are constant coefficients.

Suppose that the analytic functions Fi(x,, x,, x3, x;) are expanded in series in the neighbourhood of the
point xy, X, X3, x4 = 0 starting with terms of no less than the second degree in x1, x, x3, X4, of the following
form

_ (2 3 2
F=F )+Fl( )*’-"'ﬁ( '= T apxx
I<isk<4
22)

H_
Fl( = z QlikpXi Xk X p
Isisk<ps4

where ay, by, are constant coefficients.
The characteristic equation for the equilibrium state of system (2.1) has the form

p-c11(p) —cp2(p) -
A(p) = =0 =ay +bye P* 23
(p) cen(p)  p-ca(p) (cx(p)=ay +bye ™) (23)

Suppose that Eq. (2.3) has simple roots p; ; = + i@ and roots p; with Re p; < -6 < 0.

Let A and B denote matrices with elements ay and by I,k =1,2)and let F (%1, %, X3, x4) denote a vector with
components Fy(xy, X3, X3, X4) and Fa(xy, X, X3, X4).

We will write system (2.1) in operator form [8]

dx;(8)/ dt = Lx, (8)+ R(x,(8)), x,(8)=x(t+8) @2.4)
Le (0 dx,(8)/d8, -r<6<0 R(x.(8)) = 0, -1s0<0
(®=1 o, 0)+ Br -1, 8=0" K F(x,(0)), x,(~1), 8=0

where x(¢) is a vector with components xy(¢), x,(f) which is a solution of system (2.1) with ¢ > 0 with a continuously
differentiable initial vector function xo(8) = ¢(8), 6 € [T, 0].

Let Ay (p;) be the non-zero cofactors of the element of the second row and first column of the determinants
Ap) G =1,2).

We will consider vectors b;(6) with components
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b}“(e)=exp(p,.e)A2,.(p,)/Aj, i,j=1,2

Aj =4y (p; )dA(p)/dp|p=pj

where Ay(p;) are the cofactors of the elements of the second row and ith column of the determinants A(p;).
Using the method described in [8], making the change of variables

2 0 2
yj(,)=lzl A,l(pj)[xk(0)+ f exp[—pj(v+'t)]2 xk,(v)b,,,dv}
= -1 k=1
2
z,(9)=x,(9)— 2 b](e)y](t)
j=1

where y,(¢) and y,(¢) are scalar variables and z(¢) is a vector variable, we transform system (2.4) to the “truncated”
second-degree system without delay

¥i=pjyi+Q;(.y2), j=12 (2.5)

2
0;(y.y2)= [21 Ap(pj)F (V1. ¥2.¥3.¥a) =
2
=2 An(Pj')[ Y apvivt X am‘l’;‘l’k‘lip+---]
=1 1sisk=<4 I<isp<d

o =b§"’(0)= Ay (pj)/Aj(1<k=2)
ay =bP -ty =exp(-p;0y 5 ;3 k<4), j=12

Yy =00y + 0,y + szfg)y{yg, k=1,2,3,4

r+g=

where the variable y, is the complex conjugate of y; and the constants d(,’fl) are defined below.
The functions Qi(y;, y2) can be represented in the form

3 ) L2 .
Qimy=3 I ADyyi+.. AP =3 Ay(pDY) (2.6)
k=2 req=k =1
Here
) _ e
Dy =2% ay o0, Y ay (00, +05,0,,) 27
i=1 \sisk<d

4
() _ 2 ! [} ]
Dig =% aoi+ 3 apooy, DY =s+5
i=l Isicks4

() _
SiT= X i (0005 0y + 01000 ) + 0000 )
Isisk<ped

1 A . :
50= % aplendly) +apdff) +oyd +0,dP)
l=isk=q

The quantities d9 = d(,go (1=<i=<?2), d(',3 = d(,i,;lz) (3 =< i = 4). The quantities d(go, d(,2, are the components of
the two-dimensional vectors

2 .
drgo=%" (x)[ D, -3 APa;+BC, J dyy =eMd, 0 +C,,
j=1

3 .
-3 AL (),

XA)=(AE-A-Be™™), A=(r-q)i®, r+q=2, ¢=0,1
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The vectors D,, and o; have components DY, D(Z) and oy, Oy
The ooefﬁments A(l) A(lll), A(l)can be found'%rom (2.6) and 2.

The first Lyapunov quantity for system (2.5) can be expressed in terms of the coefficients 4, A1), 4D as follows:

g=ReA) —0'APIm(AY) (2.8)
In the special case where F{® = 0 in (2.2), formula (2.8) simplifies to

r
g=ReA}) =Re3. 4, (p)S"
-l

For system (2.1) g will be a quantity similar to the first Lyapunov quantity [8].
Ifg < 0, the BSD for system (2.1) is safe; if g > 0, it is unsafe.

Note that since system (1.1) is a special case of a system with delay considered in [2], formulae for the coefficients
A ,’3 can be obtained from the corresponding formulae in [2].

Note that the quantity g for system (1.1) can also be found from formula (2.8) if the functions Fi(x;, x,, X3, x4)
are only C"-smooth r = 3.

Example. We will use this criterion to determine the type of BSD for the equilibrium state of an oscillator with
delay in the equation

Jr'(t)+x(t)=j:(t—‘t)[a+ﬂx(t—‘t)+‘yxz(t—‘t)] 2.9)

where &, B, ¥ < 0 are parameters.
This equation is a special case of system (2.1).
The characteristic equation for the equilibrium state x = 0 of Eq. (2.9) with o = 0 has roots p; , = +i.
From formulae (2.6) and (2.7) with a = 0, for Eq. (2.9) we find the coefficients

3 4 3
AfY) =Pazog, A =0, Af} )—5(0132420 +04pd5y) +0t3df) )+°‘4ldn(|))+

2
+Y(0€310‘4z 20303047 )

Here

2
d“‘) =0, d(") (”Z l2_(cxp(—pjr)-exp(—2i‘c))ak_2,j,
j=1

pPj—<t
GU=]/A]', a2j=pj(1|j, a3j=exp(—pjT)IAj, a4j=[)ja3j,
A =2i, Ay=-2i, k=34

When a = 0 formula (2.8) yields
g=ReA§'l) =%ycost-21—4[32 sin3t (2.10)

Since Y < 0 by hypothesis, (2.10) shows that the boundary a = 0 is safe for 0 < 7 < n/3 and becomes unsafe for
T=T.

This research was supported by the “Russian Universities” programme on “Fundamental Problems of Mathe-
matics and Mechanics”.
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